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MOMENTS OF THE MAXIMUM LIKELIHOOD ESTIMATES OF
SOME INFORMATION MEASURES
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ABSTRACT

The paper contains exact expressions for the first two moments of the
maximum likelihood estimates of the combined information measure
introduced by Kaur (1983). Further, If utility Schemes are also associated
with the probability schemes, then one gets the generalized combined
‘useful” information measure. Exact expressions for the first two moments
of the maximum likelihood estimates of this measure are also derived.

1. INTRODUCTION
Shannon’s (1948) entropy measure

k
I(P)=-) p;log p; (L.1)
i=1
k
of the probability distribution P =(p,py,.......pr).p; 20, p; =1, was
i=1
generalized by Belis and Guiasu (1968) defined ‘useful” information as:

k
I(U;P) == u;p;log p; (1.2)
i=1
by attaching a utility u; (> 0)to the event occurring with probability p; .

Following the same idea Emptoz (1976) and Sharma et al. (1978)
generalized the Havrda- Charvat (1967) entropy measure
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k
1P =" -0 (pf - p)a>0, (1.3)
i=1

through the introduction of utilities u; to

k
1°W,P)=2"% - u;(pf - pi).a>0, (1.4)
i=1

to which function they also gave the name of ‘useful’ information.

Kaur (1983) defined a combined information measure of two probability
distributions

k

P=(p1,ppseeee-. ,pk),pi>0,2p,-=1
i=1

k

and Q=(q1,q2,..... NIONT >0,Zq,~ =1,
i=1

of a set of £ mutually exclusive and exhaustive events as:
k

198 7(P.0) = Q¥ P -y Y (il Y - pi) Bra+y (1.5)
i=1

If we attach utilities U=@u,uy,stty),u; >0 and

V =(V,V3,eeesVg ), v; >0, to the probability distributions P and Q, we
get the measure

k
1927w, p,0)= @ P )y S wi(pfqf ¥ - p). fra+y  (1.6)
i=1
where w; =u;v;,which may call the combined ‘useful’ information
measure in analogy with Belis and Guiasu (1968).

Putting #=1,y =0 and then limiting « tends to 1, Kaur’s measure yields

k i
1(P:0)=) p; logz[—fj (1.7)

i=1 J

which is Kullback’s (1959) measure of relative information that the
distribution P = (py,py .on. ,pr) provides about the distribution

QZ(CIlaCIZa ...... ,qk).
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We may, therefore, regard Kaur’s measure as a generalized measure of
the relative information that the distribution P provides about the
distribution Q. If P is the distribution determined on the basis of an

experiment, then this measure may be considered as measure of the
information on Q furnished by the experiment.

Moments of the statistical estimates of Shannon entropy and 7(U;P)have

been studied by several authors. The work in this direction started with
the papers of Miller (1955) and Basharin (1959), who derived asymptotic
mean and variance of an of an M.L.E. of Shannon entropy. Exact
expressions for these moments have been obtained by Rogers and Green
(1955) and Hutcheson and Shenton (1974). Further in a work, Sharma et
al. (1977) derived asymptotic mean and variance of M.L.E. of J(U;P).

Exact expressions for these moments have been obtained by Sharma and
Mohan (1978, 79).

Applications of 1%A7(P;0) and 1%P7W;P,Q)have been made

recently in the theory of questionnaire (refer Picard 1972) and in the
analysis of business and Accounting data (refer Sharma et al
(1976,1978). Thus there arose a need of further studying statistical

estimators of 1%A7(P,0) and 1%%7W,P,0).
We have obtained in section 2 the first two moments of the maximum
likelihood estimates (M.L.E.) of 1%#YW;P,0). By putting w; =1, we

also get first two moments of the ml.e.of 1% (P;Q) which in section 3.

2. MOMENTS OF THE M.L.E. OF 1%#7w.P,0)

Let n;,i=1.2,....... ,k be the frequency of the occurrence of the event in a

k

random sample of size N, such that ZnizN. Then the m.e of
i=1

1257 (W, P,Q) is given by

k
1P wip,0) =P -0 Y wiplal T - Bravy  (20)
i=1
where

n;

f)=ﬁ is the mle. of p;,i=12,..... k
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and n;'s follow the multinomial distribution. Then (2.1) can be written
as:

k k
IAa"g’y(W;P,Q) _ 2a—,6’+}/ _1)—1[N—a[z Winiaqlﬁ—a —%Zwiniﬂ'
i=1 i=1

(2.2)

We consider

M(t)= Mty 1k 1 Py sy, ) = (plet1 +poe’? +o.. + pre'k )N

(2.3)
k k
where > p;=1and > n;=N.
i=1 i=1
k
Let x;= Y pe'r in(2.3), we get
r=1,r#l
M(t) = (x; + pie'HN
N a
= S (¥ et f N, (2.4)
a=0

Let us consider the parameter is a natural number and then differentiating
(24) a times w.r.t. 1; we get

M) X _ .
—a( ) Z(év )pl-axiN ag%elit (2.5)
aﬁ a=0
Setting each ¢; =01in (2.5) gives

N
E(n{) = Z(iv )Pia(l—pi)N_“a“ (2.6)
a=0

=1-pp)" %(iv)pf‘(l—pi)‘“E“O“
a=0

(E is the shift operator defined by E'u, =u,,,)
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=(1—p,-)N(1+1LE)N0“
1
=1+ p;AHN 0 2.7

where A is the usual different operator; and A" 0% is the r—rh difference
operator of 0%.

Now, differentiating (2.5) o times w.r.t. ¢ ja#j) we have

UMW) _ (V) 0,0p10 8700 )
9%% S 9%
Ay I

N N-a N —
= Z(iv )p,-“a“e’f“ > ( , "};V—“—b ph (2.8)

a=0 b=0

k
_ t
where x; = > pe’

r=lLr#i,j

setting each 7; =0 in (2.8), we get

E(nian?)

1]
M=

(N) a_ o tl-aN_a N-a) N—ab b »* _
a Jpi'a®e™ Y L [ Pi@n® (e =1=pi=pj)
0 b=0

(Y prxye + p EYY 00

a

Il
M=

a

M=

(év )Pia(l— pi—pj+p;EHV 0% (2.9)
0

a

Now taking expectations on both sides of (2.2), we get

k
E[ia’ﬁ’y(W;P, Q)]= (206—,5’+7 _1)‘1|:N_“ZWiE(nia)qi Y _w | (2.10)
i=1

k
where W =" w;p;.
i=1
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Invoking (2.7), this proves
Eli*frw.p.0)

= (% BHT _1)- { "’Zw(1+p,A) 0%g '3"’ -w (2.11)
i=1

Further, we have
R D
j«Arw:p.0)

2 2a 2,6’ 2a+zwlen naqﬁ’ a

1

N—Za(za—ﬁ+}/ _1)—22 ]¢1
i=1 N2a
+

w2 — ZNO{Ww,-n,-aq-ﬁ_a

1

2.12)

Taking expectation both the sides and using (2.7) and (2.9), (2.12)
becomes

E[i%BYw. P, Q)]Z.

k
N—Za(za—ﬁﬂ/_l)—ZZ (1+p,A) 02a 2,6’ 20/
i=1

2a

w2 —2N%ww; (1+ p; AN 0% P~

N k
N N—
+ Z(a )Zwiwjpia(l_Pi —-pj+p;EH" 0%
a=0 =1

J#I

(2.13)

3. FIRST TWO MOMENTS OF THE M.L.E. OF %57 (w,Pp,0)

For w; =1,(i=12..k),I%PYW;P,0) reduces to I1%P7(p,0).
Hence, the first two
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moments of the mle M.LE. of to 1%#7(P,0)are obtained by putting
w, =1 1n(2.11) and (2.13) respectively, and are given by:

E|i*#7(P,0)|= 2% —D‘{N‘“Zk:(H P8 0% g/ —1} @.1)

i=1

and

k
E[ia’ﬁ’y(P;Q)]z _ N—zoz(za—ﬁﬂ/_l)—ZZ (1+piA)N02aqi2,6’—2a
i=1
20

+ —2N% 1+ p;A)N 0% gF

k N N N
+ZZ(a )P?(l—pi—pﬁij“) ~t0”
j=la=0
(3.2)
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